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QUANTIZED ENVELOPING ALGEBRAS
FOR BORCHERDS SUPERALGEBRAS

GEORGIA BENKART, SEOK-JIN KANG, AND DUNCAN MELVILLE

ABSTRACT. We construct quantum deformations of enveloping algebras of
Borcherds superalgebras, their Verma modules, and their irreducible highest
weight modules.

INTRODUCTION

Quantized enveloping algebras for Kac-Moody algebras were introduced inde-
pendently by Drinfel’d [D] and Jimbo [Ji] in studying the quantum Yang-Baxter
equation and two-dimensional solvable lattice models. The decade since then has
seen a rich mathematical theory develop for these objects and their representations
with connections to many areas of both mathematics and physics.

In 1988 Borcherds [B1] developed a generalization of Kac-Moody algebras to
accommodate his study of monstrous moonshine and the vertex algebra represen-
tation of the monster simple group. These generalized Kac-Moody or Borcherds
algebras, as they have become known, were originally described in terms of gener-
ators and relations which relax the defining conditions for Kac-Moody algebras. A
major difference is that imaginary simple roots are allowed. In [B3] Borcherds gave
a second characterization of them as Lie algebras with an almost positive symmetric
contravariant bilinear form, and in [B5] he described a third characterization, which
amounts to a recognition theorem. The most widely-studied examples of Borcherds
algebras are the ‘fake’ monster [B2] and the monster [B4]. Recently Kang [Kn| has
constructed quantum deformations for Borcherds algebras and their modules.

Lie superalgebras can be regarded as yet a third generalization of Kac-Moody
algebras. Most attention so far has focused on the finite-dimensional simple Lie su-
peralgebras, which were classified by Kac [Kc1]-[Ke2], and on their affine cousins,
which have been shown to have important connections with number theory (see
Kac-Wakimoto [KW1]-[KW2]). For many families of finite-dimensional Lie super-
algebras such as the general linear, special linear, orthosymplectic, and Q-algebras,
quantum deformations of their universal enveloping algebras have been constructed
(see for example, Scheunert [S2], Floreanini et al. [FLV], Olshanski [O], Zou [Z],
and Yamane [Y] (for affine superalgebras)). However, one of the difficulties that
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arises in constructing these deformations is determining what additional Serre re-
lations are required in the presentation of the algebras. Thus far this problem
has been addressed by treating specific families of finite-dimensional superalgebras,
such as the ones cited above, in a case-by-case manner. For Kac-Moody Lie super-
algebras defined by a symmetrizable Cartan matrix, Khoroshkin and Tolstoy [KT]
have described quantized enveloping algebras and given an explicit expression for
their universal R-matrix.

In this paper we weave these three strands together to discuss quantized envelop-
ing algebras for Borcherds superalgebras whose Cartan matrix satisfies restrictions
similar to those found in the paper by Kac [Kc2]. These conditions guarantee
that the resulting algebras have a nondegenerate symmetric invariant bilinear form.
Thus, included in the class of algebras we study are all the Kac-Moody superal-
gebras that appear in [Kc2] and the ‘monstrous’ and ‘fake monstrous’ Lie super-
algebras, which are believed to have important connections with sporadic simple
groups. Rather than assume we are working with a Zs-graded algebra, it is more
convenient for us to suppose that the algebra is graded by an arbitrary abelian group
(for example, the root lattice). Such algebras are often termed color algebras, but
we will refer to them simply as superalgebras.

Section 1 contains all the necessary basic results on the structure and represen-
tations of Borcherds superalgebras, including the Weyl-Kac-Borcherds character
formula, recently proven in this setting by Ray [Ra] and Miyamoto [M]. Addi-
tional background material can be found in the books of Chari and Pressley [CP],
Jantzen [Ja], Kassel [Ks], and Lusztig [L2] for quantized enveloping algebras; in the
survey [G] by Gebert for Borcherds algebras; and in the paper [S1] by Scheunert
and the book [BMPZ] by Bahturin et al. for color algebras. In Section 2 we intro-
duce super analogues of the g-binomial coefficients (see 2.6); construct a quantized
enveloping algebra U,(g) for the Borcherds superalgebra g (Theorem 4.11 proves
U,(g) is actually a quantum deformation); and establish the standard properties
of Verma modules for U,(g). Using the A-form approach due originally to Lusztig
[L1] for Kac-Moody algebras and to Kang [Kn| for generalized Kac-Moody alge-
bras, we prove in Sections 3 and 4 that the quantum irreducible highest weight
modules and quantum Verma modules are true deformations of the classical irre-
ducible highest weight and Verma modules. Thus, for generic ¢, the dimensions of
weight spaces are invariant under deformation, and the characters of the irreducible
Uq(g)-modules with dominant integral highest weights are given by the extensions
of the Weyl-Kac-Borcherds formula due to Ray and Miyamoto.

Acknowledgment. We thank Jin Hong for his valuable comments on the original
version of our manuscript.

1. BORCHERDS SUPERALGEBRAS

1.1. Let I be a countable (possibly infinite) index set. A matrix A = (a; ;)i jer
with entries in the real numbers is a Borcherds-Cartan matriz if

(1.2). (i) ajs =2o0ra;; <0foralliel,

(11) Qi,j <0ifi 75 7 and a; 5 € Z if Q55 = 2,

(ili) a;,; = 0 if and only if a;; = 0.

If there is a diagonal matrix D = diag(s;| ¢ € I,s; > 0) such that DA is
symmetric, then A is symmetrizable. A symmetrizable Borcherds-Cartan matrix A
is said to be integral if it further satisfies the following constraints:
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(1.3). (i) as,; € Zfor all 4,5 €1,
(11) a;; € 2Z7
(iii) s; € Zso.

1.4. A complex matrix C = (6; ;)i jer is a coloring matriz if 6 ;0;; = 1 for all
i, € I. Necessarily §;; = £1, and we say i is even when 6;; = 1, and ¢ is odd
when 6; ; = —1. The Borcherds-Cartan matrix A is restricted with respect to C' if
a;; =2 and 0; ; = —1 imply that a; ; € 2Z for all j € I. For the matrices below, A
is restricted with respect to C' for any ¢ # 0:

2 —4 -1 ¢
= (5 5) e=( )

1.5. Throughout this paper we assume A is a symmetrizable integral Borcherds-
Cartan matrix which is restricted with respect to the coloring matrix C.

1.6. Suppose PV = (@,c; Zhi) & (D,c; Zd;), and let h = C®z PV be the complex
space with basis {h;,d; | i € I'}. For i € I we define «; in the dual space h* of ) by
setting ozi(hj) = Ay and Oéi(dj) = 51'73‘.

1.7. The free abelian group Q = €,.; Zo; generated by «;’s (i € I) is the root
lattice associated to A. Since A is assumed to be symmetrizable, there exists a
symmetric bilinear form (|) on @ given by (a; | o) = s;a;; = sja;;. Let Q1 =
Yicr Lo and Q7 = —Q@7*. There is a partial ordering on h* in which A\ > p if
and only if A — u € Q*. The coloring matrix C' = (6, ;) gives rise to a complex
valued mapping 6 : Q x Q — C# satisfying

(18) (1) 6‘(041',0(]‘) = Hm»,

(ii) 6(c, B+ ) = 0(ex, B)0(cx, ),

(iii) O(a + 8,7) = 6(c, 7)0(5,7),
for all o, 3,y € Q. These relations imply that 6(«, 5)0(8,a) = 1 for all a, 8, and
thus that 6(a,«) = £1. We say that o € Q is even if 0(a,«) = 1 and odd if
f(a, ) = —1. Then a; is even (odd) if and only if ¢ is even (odd). Conditions (ii)
and (iii) imply that 6(a,0) =1 = 0(0, @) for all & € Q). In particular, 0 is even.

Definition 1.9. A complex vector space L = @aeQ L, is a O-colored Lie su-
peralgebra if there is a C-bilinear product [, ] on L such that [Ls,Lg] € Lo+g
and

[x,y] = —G(a,ﬁ)[y,x],
[xv [yv Z]] = [[:C, y],Z] + 6(0476)[% [;C,Z]]

forall x € Lo,y € L, and z € L.

(1.10)

1.11. If z € L, in a f-colored Lie superalgebra, then [z,z] = 0 when « is even
and [z, [z, z]] = 0 when « is odd. Suppose Lz = @ ,c0 0(a,a)=(—1)r La for £=0,1.
The relation 0(a+ 3, a+ 3) = 0(a, @)0(5, B) shows that L = Lg® Ly is Zy-graded.
Moreover, in the special case that §(«, 3) = (—1)* whenever 6(a, o) = (—1)* and
0(3, 3) = (—1)%, the resulting algebra L = L5 @ L is a Lie superalgebra.
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1.12. With respect to the Borcherds-Cartan matrix A, let I"® = {i € I| a;,; = 2},
I'™ = {i € I a;; < 0}. A collection of positive integers m = (m;| i € I) such
that m; = 1 for all ¢ € I"® is called the charge of the matrix A. This brings us
to the following definition, which is the superalgebra version of a Borcherds (or

generalized Kac-Moody) Lie algebra.

Definition 1.13. Suppose A is an integral Borcherds-Cartan matrix which is re-
stricted with respect to the coloring matrix C. Then the Borcherds superalgebra
g(A,m,C) = ZaeQ go of charge m is the 6-colored Lie superalgebra over C gen-
erated by the elements

hi,di€go ((€I), €k€Basyy fik€B-a, (€L, k=1 ,m)
subject to the defining relations:
[hi, hy) = [hi, ds] = [di, dj] = 0,
(hiseje) = aijeje, [hi, fie] = —aijfie,
[diseje]l = dijeje, [dis fi0] = —0ij i,
€k, fi,0] = 0i,j0k cha,
(ade; k)% (ej0) = (adfix)' " (f50) =0 if a;; =2 and i # j,
(€35 €5,6] = [fihs f6] =0 if aij =0,
foralli,jel,andk=1,---,my, £=1,--- ,m;.

1.15. It follows from (1.14) that h = go and [h,z] = a(h)z for all © € go. In
particular, go, = Ce;1 -+ - ®Cejm;, and g_o, = Cfi1 @+ ® Cfim,;. If go # (0)
for a # 0, then o € @ 1is said to be a root and dimg, is its multiplicity. The
relations in (1.14) imply that a root o must belong to @ or Q~, and we denote by
®, &, and &~ the set of all roots, positive roots, and negative roots respectively.
The subspaces g+ = P co+ 9o are subalgebras of g, and they afford a triangular
decomposition g = g~ ®hd g™ of g. A root « is real if (o) > 0, and imaginary if
(o) < 0. The simple root o is real if a;; = 2 (that is, if ¢ € I"®), and imaginary
if a;; <0 (i € I'). If a; is an imaginary simple root, then its multiplicity is
m;. For each i € 1", let r; € GL(H*) be the simple reflection on h* defined by
ri(A) = X — A(h;)ay for X € h*. The subgroup W of GL(h*) generated by the r;’s
(i € I™) is the Weyl group of g.

(1.14)

1.16. The tensor algebra T'(L) of a #-colored Lie superalgebra L is Q-graded. The
universal enveloping algebra U(L) of L is obtained from T'(L) by factoring out by
the ideal generated by the elements [u,v] — u ® v 4+ 0(a, B)v @ u, where u € L,
and v € Lg. The universal enveloping algebra is a -graded associative algebra
U(L) = @D,ecq Ua: containing L with identity element 1 € Up, and it has a Hopf
superalgebra structure with comultiplication A, counit €, and antipode .S such that

Al)=1®1, A@)=z1+1ca«x,

(1.17) e(l) =1, e(z) =0,

S(1) =1, S(x) = —=x,
for all x € L. Note that in dealing with 6-colored superalgebras, we have
(1.18) (a®b)(d @) =0(3,a)ad’ @ bb’

whenever b lies in the S-graded subspace and a’ in the o/-graded subspace.
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1.19. Suppose g = g(A,m,C) is the Borcherds superalgebra of charge m deter-
mined by A and C. Then U(g") (resp. U(g™)) is the C-subalgebra of U(g) with 1
generated by e; i (resp. fix) forie I,k=1,--- ,m; and U(g) 2 U(g7)U(h) ®
U(g™). A g-module V is said to be h-diagonalizable if it admits a weight space
decomposition V = @, ¢ Vi, where V, = {v € V| h-v = p(h)v for all h € h}. If
dimcV), < oo for all 1 € h*, then the character of V is

chV = Y~ (dimcV,,) e,
neh*

where e# are the basis elements of the group algebra C[h*] with the multiplication
given by ete” = e*tV for p,v € h*. An b-diagonalizable g-module V is a highest
weight module with highest weight A € b* if there is a nonzero vector vy € V (a
highest weight vector) such that (i) e;-vy=0forallie I, k=1,---,m;, (ii)
h-vx = A(h)vy for all h € B, (iii) V = U(g) - va. For a highest weight module
V' with highest weight A, we have (i) V' = U(g™) - va, (ii) V = @<, V. Where
Vi = Cuy, and (iil) dimcV,, < oo for all pu.

1.20. Let A € b* and consider the left ideal J(A) of U(g) generated by the elements
eip (i€, k=1,---,m;) and h— A(h)1 (h € h). Then M(X) = U(g)/J(}) is a left
U(g)-module which is a highest weight module with highest weight A\ and highest
weight vector vy = 1+ J(A). The U(g)-module M()) is the Verma module with
highest weight A. The standard facts about Verma modules can be proved in this
context:

Proposition 1.21. (a) Every highest weight module over U(g) with highest weight
A € b* is a homomorphic image of M ().

(b) As a U(g™)-module, M(X) is free of rank one generated by the highest weight
vector vy = 1+ J(N).

(¢c) M(X) contains a unique maximal submodule N(\) and has a unique irre-
ducible quotient V(\) = M(X)/N(X). Every irreducible highest weight module of
weight X is isomorphic to V().

1.22. Let
(1.23) P={Xxeb*| ANh;) €Z,\(d;) €Z foralliel}.

P is called the weight lattice of g with respect to h. An element A € P is said to be
a dominant integral weight if

/\(hz) S ZZO for all 7 € I,

1.24
(1.24) Ah;) € 2Zsq for all i€ I N 1°%

where 1°% denotes the set of i € I such that (i, ;) = 0;; = —1. Let P* denote
the set of dominant integral weights.

1.25. Suppose p € h* satisfies p(h;) = %am for all ¢ € I, and let R be the set of
all imaginary simple roots counted with multiplicities. When A is restricted with
respect to C', Ray [Ra] and Miyamoto [M] have established the following generaliza-
tion of the Weyl-Kac-Borcherds formula for the character of the irreducible highest
weight module V'()\) with highest weight A € P* for the Borcherds superalgebra
9(A,m, O):
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Theorem 1.26 ([Ra, Theorem 2.3], [M, Theorem 9.1]). For A € PT, let
Sy = P Z(—l)we_ﬁ,
B

where B runs over all the elements of the weight lattice P of the form
B=ai+ - Fai, +ppfi o+ pi b, (r=s5=0 i 5=0)
such that «;,, (resp. Bj,) are distinct even (resp. odd) imaginary simple roots of R

satisfying (av, |ov,) = (6jk|6jl) =0ifk#I, (aik|6jl) =0 for all k,1, (63k|63k) =0
if pj, > 2, and (May,) = (A|Bj,) = 0 for all k,1. For such a 3, we denote |3| =
T+ 22:1 Pjy -

Then we have
e Ywew (=1 w(S))

ChV(/\) = HaECI” (1 _ 9(0[7 a)ea)e(a,a) dimges *

Corollary 1.27. Assume that V is a highest weight module over U(g) with highest
weight A € PT and highest weight vector vy such that

(1) if \(h;) =0, then fix-va=0 fork=1,--- ,m,,

(ii) if ai; = 2, then [} vy =0.

Then V is isomorphic to the irreducible highest weight module V (\).

2. A QUANTUM DEFORMATION OF g(4,m,C)

2.1. In this section we construct a deformation U, (g) of the Borcherds superalgebra
g = g(4,m,C), and in subsequent sections we show that highest weight modules
for g deform to highest weight modules for U,(g).

2.2. Let us begin by defining the g-commutator for a Lie color algebra to be

(2:3) [z, ylq = vy — ¢"“P0(a, B)yx

for x of degree o and y of degree (3, and by denoting the corresponding ad-
joint mapping by ad,(z)(y) = [z,y],. Since [y,2], = yr — ¢P1Y0(3,)ry =
—qB19(3, a)(zy — ¢~ P (a, B)yx), it follows that the relation

(2.4) ly, 2l = —¢"10(8, o) [z, Y]
holds. Applying (2.3) and induction, we have in the case a;; = 2 that

N al non gn(n—1)/2 na; j+Nn—n N N—n n
(25) (adq(ei’k)) (ej0) =Y _(=1)"0;,00 a {n }q,ei,k €j,€5 k>
n=0 i

where ¢; = ¢* and 60, ; = 6(c, ;). The binomial coefficients are defined by

0 —a; " & N {N},!
2.6 . = Wiz’ ! = " — qi ,
(26) {nk 0:iqi —q; " {nh ngl{m}qm { n }qi {n}e{N —n}q,!

where {0}4,!=1.

Definition 2.7. Suppose g = g(A, m,C) is the Borcherds superalgebra of charge
m determined by the symmetrizable integral Borcherds-Cartan matrix A which is
restricted with respect to the coloring matrix C'. Assume ¢ is an indeterminate.
Then the quantum algebra U,(g) associated to g is the associative algebra over
C(g) with 1 generated by the elements ¢" (h € PY), e;r, fir (i € I,k=1,--- ,m;)
with defining relations
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(2.8). (i) ¢ =1, ¢g" = ¢t for bW € PV,
(i) ¢"eing™ = ¢*Wei, ¢"firg™" =q M iy
forhe PV, icl, k=1,---,m
K, —K;!

(iii) eikfie — 05, fje€ik = 0ij0k.0 T

P —

3
where ¢; = ¢ and K; = ¢*/
fori,jel, k=1, ,m £=1,--- ,my;

1—0,1‘,_7'
() (ady(ein)) " (ese)
1—(17',,]' 1
non pn(n— — Q45 —ai j—n n
= Z (-1) 91‘,3‘91‘71(' 1)/2{ n ’j}qeik 7 Tejuel, =0
n=0 °
if a;; =2 and 7 # j;
1—(17',,]'
W) (ady(Fi0)) (i)
1—(11”]‘
non an(n—1)/2 1-—- A j l—a;;j—n n
= X Ve T R T =0
n=0 ‘
if a;; =2 and 7 # j;
(Vi) ei7kej,€ — 6‘1‘7]‘6]‘)@61‘);@ =0 if ai)j = 0;

(Vi) fixfie—0ijfiefie =0  ifa;; =0,
where 0, ; = 0(a;, a;) is the (4, j) entry of the coloring matrix C'.
Proposition 2.9. The algebra U,(g) has a Hopf superalgebra structure with co-
multiplication A, counit €, and antipode S defined by

Al =q¢"@¢"  forhePY,
(2.10) Aleir) =eir @K' +1® ey,
A(fir)=fix®14+K; ® fik forie Lk=1,--- my,

e(¢") =1 for he PV,

(2.11) .
eleir) =e(fix) =0 forieLLk=1,---,m,,

S(qh) =q " for h € PV,

(2.12) X
S(ei,k) = —ei,kKl-, S(fzk) = _Ki_ fzk fO’I‘ 1€ I, k= 1, cee My

Proof. The assertions can be verified by defining these maps on the generators ¢”
(h € PY), €ip, fire (i € I,k =1,---,m;) as in (2.10)-(2.12), extending them to
the free associative algebra with 1 over C(g) by requiring that A and ¢ be algebra
morphisms and S be a 6-colored antimorphism (that is, S(ab) = 0(«, 3)S(b)S(a)
whenever a € Uy(g)a and b € Uy(g)g), and then showing that they preserve the
relations in (2.8). All of this is straightforward, save perhaps the calculations
involving relations (iv) and (v). We illustrate the arguments in these cases.

Using the fact that the antipode is a 6-colored antimorphism and equation (2.4)
above, we have for any = of degree o and y of degree 3 that

(213) 8((ady(@)) ")) = (~)VgIINHADNNDL2 0 (5(2)) " (S(0)

Let us apply this now when z = e;; and a;; = 2, y = €;¢, and N =1 — a; 5,
and use the fact that S(e; x) = —e; 1K, which has the same degree as e; . We will
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also make use of the fact that ¢(®:l%) = ¢%i%.s = ¢!’ Then

S((adq(ei,k)) N(eﬂ)) _ (_1)Nq§1—N)N+2N(N—1)/2 (adqfl (S(ei,k))) N(S(ej,g))

= (-1 (ady(S(ers))) (S(es)
al N
= O 0t TS TS (e S en)

n
n=0

To unravel this, note that

S(eiw)N 7S (es0)S(eik)" = (=1)N e w Ki) Y e 0K (€5 n K"

(_1)N+1 (ai|0¢j)N+(0ﬁ\ai)N(N—1)/26£Yk—”ej)ee2kKNK.

Also observe that

We would like to argue that Gn(N ™ —1when N =1—a; j- Now if 6;; = 1, this
is clear. If instead 0;; = —1, then a;; € 27 for all j, so that N =1 — a; ; is odd.

If n is even, 91-71(-N ™ 1. Ifnis odd, then N —n is even, and again the expression

is 1. Thus,
Lho= 0

under the hypothesis N =1 — a; ;. Putting this in, we have for N =1 — a; ,

5((adei0) " (c3.))

N
nogn onin— N —-n n
= DY e ) SN TS (0 en)
n=0 i

al N
= (X vrea T el el ) KVE; =0
n=0 ’

which shows that the antipode preserves the Serre relation.

Now to prove the comultiplication preserves the Serre relation, first note that by
induction,

Al(adg(es1) N (e50)) = (adg(es)™ (e0) @ K VK

N-1
n(N—n) [N —-n — n n
+ 20 AT el e KN adg(ean) " (e5)

n=0
+1® (adg(eir)™ (ej0),

where i) = (1 szqz (t+as) ). f N =1-aq;;, then 1—6‘2; ! f(N e -
1— Gi_yia'i’j. Recall that a;; € 2Z if 0; ; = —1. Hence 1 — 9;;” = 0, which implies
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T,(ZN) =0foralln =0,1,---, N—1, so that all the middle terms drop out. Therefore,
the comultiplication A preserves the Serre relation. O

2.14. The C(qg)-subalgebra UY of U,(g) generated by the elements q¢" (h € PY)
is the group algebra C(q)[P"]. Assume U; (resp. U, ) is the C(g)-subalgebra of
Uq(g) with 1 generated by the elements e; i (resp. fix) forie I, k=1,---,m;.

2.15. We define a C(g)-linear transformation T on U,(g) by first specifying that
T(¢")=q¢ " for he P,

(2.16) _
T(eix) =0iifix, T(fir)=c¢€ir foric I,Lk=1,---,my,

and then extending T to the free associative algebra with 1 on those generators by
requiring that T is an algebra morphism, i.e. T'(ab) = T'(a)T(b). It is not difficult
to check that the relations in (2.8) are preserved by 7', and hence that T induces
an algebra morphism on Uy,(g). Moreover, T satisfies the properties

T* =id,

AoT = TQT)oA
(2.17) cT=ooT®T)oh,

eoT =g,

ToS=doSoT,

where ¢ is the twist map o(a ® b) = b® a, and d is the degree map d(a) = ¢(*1*)q
if a € Uy(g)a. The second property says that T' is a coalgebra morphism. It is
apparent that the following holds:

Lemma 2.18. The mapping T gives an algebra isomorphism between U, and U;’,

2.19. We will use the next result along with ideas of Rosso [Ro] to argue that U,(g)
admits a triangular decomposition Uy(g) = U, ® Ug ® U;.

Lemma 2.20. Let UZ° (resp. US) denote the C(q)-subalgebra of Uy(g) generated
by the elements ¢" (h € PV) and the elements e; . (resp. fix) fori € I, k =
1,...,m;. Then

>0 ~ 170 +
Uq —Uq®Uq,

(2.21) Lo
U =U; @ U

Proof. We present an argument for the second one and obtain the first from that
by applying T'. Let {f¢ | ¢ € Q} denote a basis for U," consisting of monomials f¢
in the elements f; ;;, where € is just a set indexing the basis elements. The defining
relations imply that the elements fcqh (¢ € Q,h € PY) span Uqfo. There is a
surjective C(g)-linear map U,” ® qu — UqSO given by fr ® ¢" — fcq". To show
injectivity of this map, it suffices to show that the elements fc¢" (¢ € Q,h € PV)
are linearly independent over C(q).

Suppose > icq pepv cenfeq” = 0 is a dependence relation with c¢, € C(q).
Then

Z ( Z Cc7hfcqh> =0,
dcng

BeEQ~ =pB,he PV
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which implies that
(2.22) S cenfed" =0
degfe=B,hePY
for each (. Suppose 8 = — >, ; kia; (ki € Z>o), and let hg = >, ; kis;h;. Since
fc¢ is a monomial in the f; ;’s, we have
A(fe) = fe ® 1+ (intermediate terms) + ¢ ® fe.
Therefore, applying A to (2.22) gives

0= Z cc.h <f< ® 1 + (intermediate terms) + ¢"# @ fg) (qh ® qh)
degfe=p,hePV

Z ceoh <f¢qh ® ¢" + (intermediate terms) + ¢"# " ® fcqh) .
degfe=B,he PV

The terms of degree (0,5) must sum to zero, so
Yo cend" " ® fed" =0,
degfe=08,hePY

But since the elements ¢"#*" are linearly independent, this implies that
chgfciﬁ cenfeq” = 0. Consequently chgfciﬁ cenfe = 0, and thus ccp, = 0
forall ¢ € Q,h € PV. 0

Theorem 2.23. There is a C(q)-linear isomorphism Uy(g) = U; @ UY @ U}t .

Proof. As in the previous lemma, it suffices to show that the elements fcqhe,,
(¢,m € Q,h € PY) are linearly independent over C(gq). From the dependence
relation Y5, co pepv Cc,hnfcq"en =0 we obtain

h
> ¢ honfed en =0
hePV ,degfc+dege,=vy

=D ier ki, we write he = hy =

for each v € Q. Now when degf, = o =
= fB = > crmic, we set hy = hg =

> icr kisihi; and similarly when dege,,
Zie] mlszhl Then

A(ey) = e, ® ¢~ + (intermediate terms) + 1 ® ey,
A(fe) = fc ® 1 + (intermediate terms) 4 ¢"¢ ® fc.
Therefore,

0= A( Z Cg,h)nfcqhen>

he PV ,degf;+dege,=vy

(2.24) = Z ¢ hom (fc ® 1 + (intermediate terms) + ¢"¢ ® fc)
hePY degf¢+degey=y

X (qh ® qh> (en ®q M+ (intermediate terms) +1® en>.

Consider the total ordering < on @), first by height and then, within a given height,
by a lexicographical ordering with respect to the a;’s. Suppose (1 is the set of all
¢ € Q such that degf is minimal among the terms in (2.24), and let €’ be the ones



QUANTIZED BORCHERDS SUPERALGEBRAS 3307

among the n € Q in (2.24) with degen maximal. Since degf¢+ dege, = 7, it is clear

that ¢ € Q if and only if n € Q. As a result, the terms in (2.24) of degree (c, 3)
with & € Q~ minimal and 3 € QT maximal must sum to zero. Hence,

qha+h€n X fcqh_hﬁ =0.
hePY ,degf;=a,dege, =0

Since the vectors fcqh_h/’ (Ce §~2, h € PV) are linearly independent by Lemma 2.20,

Y hepv dege, =B CC.h nq"etPe, = 0. Again using Lemma 2.20, we have c¢ 5, = 0 for

all ¢ € Q, hePY, n e Q. Repeating this argument with the remaining terms, we
conclude that c¢ p, =0 for all (,n € Q, h € PY. O

2.25. A U,(g)-module V7 is said to be dz’agonalizable if it admits a weight space
decomposition VI = @, p V,1, where VI = {v € V| q"v = g"My for allh € PV}.
If V7 is diagonalizable, then so is every submodule X1, Indeed, this can be argued
inductively by supposing x = z1 + -+ + 1z, € X9, with ; € VI (u; # p; if
i # j), and every element with fewer summands has its weight components in
X1, Then EfZQ(q“l(h) — Mgy = Mg — ¢hr € X9, and, by minimality,
(g M) — grith))g; € X9 for all i # 1. Since the weights p; are distinct, and q is
not a root of unity, this forces x; € X? for all i. Thus, X? = @#GPX , where
XZ = XN Vlf.

2.26. If dimg(y)V)? < oo for all p € P, then the character of V4 is defined to be

chV? =Y " (dimg(q V,7) e,
ner
where e are the basis elements of the group algebra C(q)[P] with the multiplication
given by ete” = et for u,v € P. A diagonalizable U,(g)-module V9 is a highest
weight module with highest weight A\ € P if there is a nonzero vector vy € V7 (a
highest weight vector) such that (i) e; -vx =0foralli e I, k=1,---,m;, (ii)
q" vy = ¢*Mu, for all h € PV, (iii) V4 = U,(g) - vx. When V1 is a highest weight
Uq(g)-module with highest weight A € P, then (i) V9 = U vy, (il) VI =@ ,<, V/{,
Vil = C(q)va, and (iii) dimg(q)V,d < oo for all p < A. -

2.27. Assume A € P and consider the left ideal I;()) of U,(g) generated by the

clements e, (i € I, k=1,---,m;) and ¢" — *™1 (h € PY). Then M9()\) %'

Uq(9)/I4(N) is a highest weight Ug(g)-module under left multiplication with highest
weight A and highest weight vector vy = 1+ I;(\). It is the Verma module with
highest weight X for Uy(g).

Proposition 2.28 (cf. [Kc3, Proposition 9.2]). (a) For every A € P, every highest
weight module over Uy(g) with highest weight A is a homomorphic image of M(\).
(b) As a Uy -module, M9 ()) is free of rank one generated by the highest weight
vector vy =14 I,(N).
(c) M(X) contains a unique mazimal submodule N1(X).

Proof. (a) If V7 is a highest weight U, (g)-module with highest weight A and highest
weight vector wy, then the map M?(A) — V7 given by w - (1 + I;(A)) — u - wy
defines a surjective Uy (g)-module homomorphism.

(b) Since every element v of Uy(g) can be written as a sum of elements of the
form v~ u%u™, where u* € UF and u° € UY, every element of M?()) has the form
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u” - (14 I,(N)) for some u~ € Uy(g™). If u™ - (L + I;(N) = 0, then u™ € I,(N),
which is generated by e; 1, (i € I,k =1,--- ,m;) and ¢" — ¢*"1 (h € PV). Hence
u~ must be zero, and our assertion follows.

(c) Note that for any proper submodule M’ of M%(X), M" C B, cp ., V,I. Thus
the sum of proper submodules is again a proper submodule of M%()). Let N(})
be the sum of all the proper submodules of M?(X). Then N%(}) is the unique
maximal submodule of M?(\). O

2.29. For A € P, the unique irreducible quotient V9(\) ef M2(N\)/N2()\) is the

irreducible highest weight module over Uy(g) with highest weight .

3. A-FORMS

3.1. Let A = (ai,j)i jer be a symmetrizable integral Borcherds-Cartan matrix with
charge m = (m;| @ € I) which is restricted with respect to the coloring matrix
C = (0:,5)i,jer, and let Uy(g) be the quantum algebra associated with the Borcherds
superalgebra g = g(A4,m, C). Recall that ¢; = ¢* and K; = ¢*" for i € I. Assume

that D; = ¢*% (i € I). Then fori,j € [ and k=1,--- ,m; we have
(3.2) Kiej ok = ¢ ejn, KifjuK' =a; " fin,

: — 8i. i — —0i.
Diej.Di' = ¢;" ejr, DifjaDi' =a; " fine

Forie I, ceZ,n € Zxg, we adopt the following conventions used in [L1]:

Ki; e _yy Kigs 7t — K g Y
(3.3) { ; } 1] — K |
r=1 % — 4%
Di - n Diqic_r+1 - Di_lqi—(c—r-i-l)
(3.4) [ N } =] 1 :
r=1 % — 4%
3.5 The “ordinary” binomial coefficients in ¢; are defined by
a —q; " - N [N],,!
nlg, = —— [n]y! = mlg, [} =
e = g et = 1L ] = G

(3.6) N N )
¥ R

where N > 0, n > 0, and [0],,! = 1. Then since

Kiqic—r-i-l _ Ki—lqi—(C—T"Fl)

a —q; "
Kiq_c—r-i-l _ _—lq_c—r—i-l + K_—lq_c—r-i-l _ K_—lq'—(C—T’-i-l)
— K 1 K 7 1 1 1
a @ —q"
K2 K2
TN - KT g g Y
(3.7) = - + K, —
q;, —q; q; —4q;
B qic—r-i-l(ql_ _ qi—l) K; — Ki—l . K_lqic—r+1 _ qi—(C—r-i-l) g — qi—l
@ —q " g —q; " ' @ —q; 4 —q"

1 c—r Klvo —
= g [ e ),
qi
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we have

Ki;c _ s 1 c—r+1 Kl70 -1
(3.8) [ " }—Hm(qi [ 1 ]—i—[c—r—i—l]qui )
for all ¢ € Z, and an analogous relation holds with D; in place of K.

3.9. Let A = Clg,¢ %, 1/[n]y,i € I,n > 0] and define the A-form Ua of the

quantum algebra U,(g) to be the A-subalgebra of U,(g) with 1 generated by the

K ; 0} K- K[!
1 a—q '

r=1

)

elements e; 5, fir (i € I,k = 1,---,m;), ¢" (h € PY), [

. D; — D!

[Dll’ 0] = ———— (i € I). We denote by Uy (resp. Uy) the A-subalgebra of
qi — 4q;

g) wit generated by e; ., (resp. f; ) tore € I, k=1,--- ,m;, and by the

U, ith 1 d by e;, fig)forie k=1 dbUgh

A-subalgebra of U, (g) with 1 generated by ¢" (h € PV), {Kzl’ 0} , [Dll’ O] (tel).

In particular, from (3.8) we see that {Kzni C} and {Dlr’b C} belong to U} for all

c € Z,n € Z~y. Moreover, the following commutation relations hold in Uy :

Lemma 3.10. fFfori,jel, k=1,--- ,my,{=1,--- ,my, c€ Z, and n € Z~o,
we have
Ki , C Ki ; C— Qg4
(3.11) ej_,e[ . }z{ . ”} €65
Ki , C Ki y C— Q44
(3.12) [ . ]fgyé:fgyé[ " 1}7
Di ;¢ Di; c—di;
(3.13) €j.0 [ n ] = |: n ’J] €505
Di ; C Di ] 0—51')'
(3.14) [ ; ]fjj:fj,e{ - a],
(3.15) eikfie="0ijfjeeir ifi#jork#l
= K; 5 —ra;;
(3.16) ikt =07 flein + I 29;{;1* { T ] :

Proof. Equations (3.11)—(3.15) follow directly from the defining relations of Uy(g)
and (3.2)—(3.4), while (3.16) can be proved by induction. |

3.17. As an immediate consequence of Lemma 3.10 we have the triangular decom-
position of the algebra Ua:

(3.18) Ua 2 U, @ UR ®UX.

In particular, every element uw of Ua can be written as a sum of monomials of the
form u~ulu™, where u® € U}, u* € Ujf.

Corollary 3.19. Let VI(X) be the irreducible highest weight U,(g)-module with
highest weight A\ € PT and highest weight vector vy,.

(a) If A(hi) =0, then fir-va=0 fork=1,--- ,m,.

(b) If ai; = 2, then fiy" %" vy =0.
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Proof. (a) If k # ¢, then e; ofik - va = Oiifikeie- vy = 0. If k = £, then since
A(h;) = 0 we have

K; — K_
eikfik-vn=0iifireir - va+ —1UA
i —
Ahi) _ = A(ha)
= —ql ql_l Uy = 0.
qi — q;
For j #4, ejofir-vx =0jifireje-vy=0for £ =1,--- ,m;. Hence f;1-vyis a

primitive vector in V9(A). Since V() is irreducible, it must be that f; 5 - va =0,
for otherwise f;x - va would generate a proper submodule of V?()\) with highest
weight A — a; # A, which is a contradiction.

(b) If a;; = 2, then A(h;) € Z>o for i € I°*" and A(h;) € 2Zx¢ for i € [°%
since A € PT.

Suppose i € I¢¥¢". Then by (3.16) we have

A(hi)
€, ka(h vy = f:,(ch’)He@k oy + f:,(ch’) > [ 1 T] - )
r=0
A(h o \(hi)ior
(2:) Ao Phi)=2r =M (hi)+2 o
g —q; "

=(g—q")? ((qf(hi) — g M) (g TR g AT
L (q;A(hi)+2 . q?(hi)—Q) + (qi_)\(hi) _ q;\(hi))) f?(hi) cvy = 0.

If i € 1°, then A(h;) € 2Z>¢ and 6;; = —1. Hence relation (3.16) yields

€i kf’\(h vy = (_1)A(hi)+lf7i\]§;hqy)+l

€ik * UX
Alhs) K. 2
A(h; - iy — &l
RS ap K 7
r=0
Ahs) o hraor
Z ,\(h A(h) i) =2 g A(ha)+2 s
qi — qi_l
= (@ - g7 )" (m?““’ =) = (g0 g0
e (qABIRR A2y (oA q?(hi))) PR,

Note that we used the fact that A(h;) € 2Z>( in a critical way.
Finally, for j # i, we have ej_’gf;‘](ch'i)ﬂ cvy = 9;3,(’\(h'i)+1)f1.’>(€h7‘)+1
Therefore, f:,ihi)ﬂ - vy is a primitive vector of weight A — (A(h;) + 1)a; # A, and

hence fi))‘](chi)Jrl -vy = 0. O

€j0 U\ = 0.

3.20. Assume A € P and let V7 be a highest weight module over U,(g) with highest
weight A and highest weight vector vy. We define the A-form V,{ of V7 to be the
Ua-submodule of V9 generated by vy; that is, Vi = Ua - vy.
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Proposition 3.21. V{=Uj, -v,.

Proof. Recall that every element u of Up can be written as a sum of elements of
the form u~ulut, where u® € UY, u* € Ux. By definition, u™ - vy = 0 unless
ut € A, and ¢" vy = @*Muy € Avy. Fori € I, c € Z, and n € Z, we have

{Ki : c] o [A(hi) —|—c} o

n n

where

)\(hz) Te n q')\(hi)+c—r+1 . q.—(A(hi)+c—r+l)
n . '

— 2 2
-l 4 —a"

r=1

Since

[A(hi7)1+ c}

€ A, it follows that {Klr’b C} vy € Avy; similarly, [Dlr’b C] Uy
qi
€ Avj,. Therefore u~u’u™ - vy € Au™ - vy C Uy - va. Consequently, Vi = Uy - vy
as claimed. O

Proposition 3.22. The map ¢ : C(q) ®4 V{ — V9 given by f @ v — fv (f €
C(q),v € V) is an C(q)-linear isomorphism.

Proof. It is clear that the C(g)-linear map ¢ given above is surjective. Let
{fec - vrl ¢ € Q} be a basis of V9, where fr is a monomial in f;x’s. Define a
C(g)-linear map 1 : V¢ — C(q) ®a V4 by

P(fe-oa) =1@ fe- o
Then it is easy to see that ¢ and ¢ are inverses of each other, which proves our
assertion. O

Proposition 3.23. For pu € P, let (V) = VNV Then V{ has the weight
space decomposition, V4 = ®MEP(V£)#'

Proof. Assume v =v; + -+ v, € V, where v; € VI (u; € P,j=1,--- ,p). We
would like to prove that v; € V{ for all j =1,---,p. We will show that v; € V.
The other cases can be verified in a similar way.

For j = 1,2,---,p and ¢ € I, write p;(h;) = S, and p;(d;) = T; ;. Since
pj # w1 for j = 2,--- p, we can choose an index i; € I such that S;, ; # Si 1
or Ty j # Ti; 1. Let Ip = {io,i3,--- ,ip}, and let s be a positive integer such that
s> |Si;—Sii|and s > |T; ; — T;.1| for all i € Ip,j = 1,--- ,p. (Simply take the
maximum of the numbers |S; ; — S;1|, |Ti,; — Tia| for ¢ € In,j =1,---,p.) Let
u € Ua be defined by

_ Ki; =Sip+s| |[Ki; —=Si1—1
r 1 R | B

(3.24) el
« D;; —Tih+s| |D;; —Tiq1—1
s s ’

Then we have

D ; —T%.,l -1 P ﬁ Diqi 17T Di—lqiTi,1+r
s 1 L
r=

— U1
a —a "
S T T
q; q
= ?,« "Lr’U = (_1)SU17
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and
—14 - 1 -1 Ti1— —1
Di; ~Tints| —ﬁDiqi R
S L= r __ =T Cat
r=1 q4; —4g;
_ ﬁ qis—r—i-l _ qi—s-l-r—lv _
- r -7 1="1.
r=1 4 — 4
Similarly,
{ Y ?71 ] -v1 = (—1)%v1, and [ v i“l +S:| cU] = V1.
Therefore, u - v; = (—1)2*P~Dy; = v;.
If j # 1, then
|:Di ; —Ti1 — 1} - f[ qzn’j_Ti’l_T - Qi_(Ti’j_Ti’l_T)U‘
y ! r=1 q: - qz_T !
and
D;; —T;1+s ﬁ qTi,j_Ti,lJl‘S_T"l‘l - ql—(Ti,j—Ti,1+s—r+1)
i i, v — i z_ ..
|: 5 :| ’ r=1 q: —4q; " !
Thus,
D;; —Ti1+s| |D;; —Ti1—1
i€l
s (q_Ti,j—TiJ—T_q_—(Ti,j—Ti,l—T))(qTi,j—Ti,1+8—t+1_q_—(Ti,j—Ti,1+8—t+l))
2 2 2 7
= — — ’Uj.
116_1[0 r,lt_:Il (¢f —a; ")(g — g t)
Similarly,
K;; =Sii+s||Ki; —Si1—1
i€ly

fi,j_si,l_"' _qf(si,j—si1—r))(q5'i,j —Si1ts—t+1 _q_(Si,j_Si,l"rS—t"l‘l))

_ - (q 7 [ i Vs
-1111 (@7 —a; ")t —q;") g

i€l rt=1

The terms where r +¢t = s + 1 are

T;;—Ti1—r —(Ti,j—Tiyl—’I‘) T ;—Ti1+s—t+1 —(Tin—Tiyl-'rS—t-‘rl)
(g; — 4 ) g -4 )

2 ':['7;Y '_Ti, — -2 Ti, '_Ti,
:qi( ! 1)_%'2T_qi2r+qi (Ts.s 1)7

Si,j—SiJ—T‘ —(Sin—siyl—’l‘) Sin—Siyl-‘rS—t-‘rl —(Si,j—Si,1+s—t+1)
(g; — 4 )4 —4q; )

(Si,5—5i,1) f274 l—2(si,j—5i,1)

2
=q; - qi2r —9; + q; :
By the definition of Io, either Si,j — Si,l 7é 0 or Ti,j — Ti,l ;é 0 for i = ij e I.
Thus, as r runs from 1 to s, there is some value of r such that r = |S; ; — S; 1] or
r = |T;; — T;q| for i = i; € Iy, which implies w - v; = 0. Therefore, v - v = vy, and
hence vy € V4. O
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Corollary 3.25. For all p € P, (V}), is a free A-module, and ranks(V{), =
dimc(q) Vlf

Proof. By Propositions 3.22 and 3.23, there is a C(g)-linear isomorphism C(q) ® a
(VA)u = V2 for all € P, from which the assertion follows. |

4. CLASSICAL LIMITS

4.1. Recall that A = C[q,q7',1/[n],,i € I,n > 0] and Uy is the A-form in the
quantum algebra U,(g), where g is the Borcherds superalgebra g = g(A, m, C). Let
J be the ideal of A generated by ¢ — 1. Then there is an isomorphism of fields
A/J = Cgiven by f+J — f(1) for f € A. As before, suppose V¢ = Uy(g)vx
is any highest weight module and V}{ is the Ua-submodule generated by vy inside
V4. Set

U (A)J)®4 Ua,

(4.2) et

VT (A/3) 0p VL
and note that U = Ux/JUa and V = VI /JV]. For each p € P, let V, =
A/J @a (VA)u- Since Vi =@ ,cp(VA)u, then V= €D, p Vi, and the following
holds:

Proposition 4.3. dimy4,;V, = rank4 (V).

Proof. If {vj] j = 1,---,r} (r = ranka(V),) is a basis of the free A-module
(V{),, then by [H, Theorem 5.11, Ch. 4] every element v of V, = A/J ®a (V).
can be written uniquely as v = >>7_, a; ® v; (a; € A/J). It follows that {7; =
1®wv;| j=1,---,r} is a basis of the A/J-vector space V. |

4.4. Consider the natural maps Ux — Ua /JUA = U and Vi — Vi /IV] = V.
We see that ¢ — 1 under these mappings. We write 7 and v for the images of the
elements u € Ua and v € V{, respectively. We also denote by h; and d; (i € I)
K;; 0] K, —K! D;; 0] D;—D;!
1 | =70 —=ad | | | =— 5,
q; — q; q; — 4q;
is natural to expect that the algebra U is isomorphic to the universal enveloping
algebra U(g) of the Borcherds superalgebra g. We argue in the next lemma that
Ez = Ez = 11in U, but to obtain the desired isomorphism we have to factor out
more from U.

the images of [ respectively. It

Lemma 4.5. In the algebra U we have EZ = Ez =1 foraliecl.
Proof. In Ua we have

K;; 0

:@_nu+65{1i}'

— — Ki;()
Ki_Kilz(Qi_qil)[ ]

1

Thus, K; — K_l =0-h; =0in U, which implies that K2 = 1. Similarly, we have

D, =1inU. O



3314 GEORGIA BENKART, SEOK-JIN KANG, AND DUNCAN MELVILLE

4.6. Let R be the ideal of U generated by the elements q_h —1(h € PV), and

set U3y = U/R. By abuse of notation, we will also use @ for the image of the
. — — . Ki; 0]  Ki—K*
element v € U in Uy, and h; and d; for the images of 1 = ——— and
q; — g;

1 P in Uy, respectively. Then, since q_h = 11in Uy, the algebra U
is generated by the elements €; , m, hi,d; (i € I,k=1,...,m;). Note that q_h ceU
acts as the identity on V = A/J ®a V,{ for any highest weight module V7 over
Uy(g). Indeed, if {v;}7_; (r = ranka(V4),) is an A-basis of (V). (1 € P), then

by Proposition 4.3, {v; = 1 ® v;}}_, is an A/J-basis of V},. Since ¢" - v; = ¢

[Di : o] _ D;—D;!

forall he PV, j=1,...,r, letting ¢ — 1, we obtain ¢" - 7; =7, forall j = 1,...,r.
Therefore, q_h = idy, on V, (u € P), and hence q_h is the identity transformation
on V. It follows that Uy -vx = U -v) = V.

Consider the natural maps

Upr = Una/JUAZU —-U; =U/R
and
VK — VK/JVK >V =U, -Uy.

The passage from Ua (resp. V1) to Uy (resp. V) under these maps is referred to as
taking the classical limit.

Theorem 4.7. (a) The elements €%, fik, hi, di (i € I,k = 1,---,m;) in Uy
satisfy the relations in (1.14). Hence as endomorphisms on V' they satisfy the
relations in (1.14), and thus V' has a U(g)-module structure.

(b) As a U(g)-module, V is a highest weight module with highest weight A\ € P
and highest weight vector vy = 1 ® vy.

(¢) The endomorphisms h; and d; (i € I) act on'V,, (u € P) as scalar multipli-
cation by p(h;) and p(d;), respectively. Therefore V), is the p-weight space of the
U(g)-module V.

K,—K' K; —K;! —
— ! _Jl = 0 for i,j € I, we obtain [h;, h;] =0
qi — q; a5 — 9g;

by letting ¢ — 1. Similarly, [h;,d;| = 0 and [d;, d;] = 0.

Proof. (a) Since

Fori,jeI,k=1,---,m;, we have
K, — K ! K, — K !
1 Gk &k 1
qi — g, qi — q;
Ki— K Kig " — K g™
= —1 Gk ) €5,k
qi — 4q; qi — 4q;
Ki(l—g¢, ") - K, '(1—g¢/")
= 1 ej,k
qi — 4q;
i —ai,j -1
4" —q i Ki — K
= | Ki— 55—+ (1 - g ) —— | &
qi — q; qi — g,

Thus, taking the classical limit gives h;ej; — €xhi = a; ;€55 for i,j € I,k =
1’ ... 7mj'
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Similarly, we obtain
hifjn = Fixhi = —ai; fik,
diejr — Erdi = 0i %5k,
difie = findi = =0i;fin-
The rest of the relations can be derived using the fact that
n if i is even,

{n}q; — <0 if i is odd, n is even,
1 if 4 is odd, n is odd

as ¢ — 1 (n € Zx(). Therefore, there exists a surjective algebra homomorphism
Y : U(g) — Uy defined by e;x — @ix, fik = fik, hi = hi, di = di (i € [k =

1,2,---,m;), which can be used to give V a U(g)-module structure.
(b) It is clear that &, 5 -Tx =0 fori € I,k =1,--- ,m,;. Since
K;— K1 q(\(hz) _ (k)
_11 vy = = 1_1 VX,
qi — g, qi — 4;

by taking the classical limit, we obtain h; -Tx = A(h;)vy for i € I. Similarly, we have
d; -Tx = \(d;)Tx for i € I. Recall that VI = Up -vx, where U, is the A-subalgebra
of Ua generated by the elements f;; fori € I,k =1,---,m;. Hence V =U; -y,
where U] is the A/J-subalgebra of U; with 1 generated by the elements m for
1 € I,k =1,---,m;. Therefore, V is a highest weight module over U(g) with
highest weight A and highest weight vector vy.

(¢) For v € (V{), (n € P) and i € I, we have

— h; —u(h;
Ki_KilvquH( )_qiﬂ( )
g —aq; " g —q; "

U7
which yields h; - T = u(h;)T by taking the classical limit. Similarly, d; - T = pu(d;)v
(tel). O

4.8. We now prove our main results. We will show first that the irreducible highest
weight module V(\) over Uy(g) with highest weight A € P+ is a quantum deforma-
tion of the irreducible highest weight module V' (\) over U(g), and that they have
the same character formula. Using this result, we will argue that the classical limit
U of the quantum group U,(g) is isomorphic to the universal enveloping algebra
U(g) of the Borcherds superalgebra g, and then prove that the Verma module M (\)
over U(g) for A € P also can be deformed to the Verma module My(\) over the
quantum algebra Uqy(g).

Theorem 4.9. If A\ € PT and V? is the irreducible highest weight module VI(\)
over Ug(g) with highest weight A, then V is isomorphic to the irreducible highest
weight module V(X\) over U(g) with highest weight A. Therefore, any irreducible
highest weight module V () over U(g) with highest weight A € PT admits a quantum
deformation to the irreducible highest weight module V() over Uy (g) with highest
weight X € Pt in such a way that the dimensions of weight spaces are invariant
under the deformation. In particular, the character of VI(X) is given by the Weyl-
Kac-Borcherds formula in Theorem 1.26.
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Proof. Let vy be a highest weight vector of V¢ = V¢()\). By Corollary 3.19, if
A(hi) =0, then f;-vx =0for k=1,--- ,m,;, and if a; ; = 2, then fﬁ,(chi)ﬂ SUy =
0. Letting ¢ — 1, we see that V is a highest weight module over U(g) with
highest weight A € P* and highest weight vector vy that satisfies the conditions of
Corollary 1.27. Therefore, V is isomorphic to V(A). The second assertion follows
from Corollary 3.25 and Proposition 4.3. O

Corollary 4.10. Suppose that X € Pt and V9 is a highest weight module over
U,(g) with highest weight X and highest weight vector vy such that

(1) if X(h;) =0, then fix-vA=0 fork=1,--- m,,

(ii) if ai; = 2, then f"* vy = 0.
Then V1 is isomorphic to the irreducible highest weight module VI(\).

Proof. As we have seen in the proof of Theorem 4.7, if V7 is a highest weight Uy (g)-
module satisfying the above conditions, then V = A/J ®a V/ is a highest weight
U (g)-module satisfying the conditions of Corollary 1.27. Hence V 2 V(\), and chV
is given by the Weyl-Kac-Borcherds formula. By Corollary 3.25 and Proposition
4.3, we have

chV? = chV = chV(A) = chVI(N).
Therefore we have V7 2= VI()). O

Theorem 4.11. The classical limit Uy of Uy(g) is isomorphic to the Hopf super-
algebra U(g).

Proof. By Theorem 4.7 (a) the elements €; f, fi_JC, hi,d; (i€ Ik=1,---,m;) in
the algebra Uy satisfy the relations in (1.14). Therefore, there exists a surjective
algebra homomorphism ¢ : U(g) — U defined by e; , — €, fix — ﬂ, hi — hs,
di—d; (€lLk=1,2,---,my).

Let U} be the subalgebra of U; generated by h;, d; (i € I), and U;" (vesp. Uy)
be the subalgebra of U; generated by €; j (resp. 711@) (tel,k=1,2,---,m;). We
first show that the restriction 1o of 1 to U(h) is an isomorphism of U(h) onto UY.
Suppose g € Ker )y, a polynomial in h; and d; (¢ € I). For any linear functional
A € b*, we have 0 = G- U\ = A(g)Ux, where Uy is the highest weight vector of the
Ui-module V having highest weight A, and A(g) denotes the polynomial in A(h;)
and \(d;) corresponding to g. Hence, we have A(g) = 0 for all A € h*. By assigning
various values to the A(h;)’s and \(d;)’s, we can argue that g = 0, which implies
that U} is isomorphic to U(b).

Next, we would like to show that the restriction of ¥ to U(g~), which will be
denoted by t_, is an isomorphism of U(g~) onto U; . Suppose Keryp_ # 0 and
u =Y acfc € Kery_, where ac € C and f; are monomials in the f;;’s. Let N
be the maximal length of the monomials f: in the expression of u, and choose a
dominant integral weight A € P* such that A(h;) > N for alli € I. If V¢ = V4())
is the irreducible U,(g)-module with highest weight A, then by Theorem 4.9, the
representation ¢ : U(g) — V with x — ¢(z) - vy gives the irreducible U(g)-
module V(\) with highest weight A\. By Corollary 1.27 and our assumption on
A, the kernel of ¢ restricted to U(g™) is the left ideal of U(g~) generated by the

elements fi))‘,(ch")Jrl for i € I"™. Therefore, u = Y acfc does not belong to Kerp.
That is, u - vy # 0. But, since U(g™) acts on V via the homomorphism ¢_, we
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must have u - vy = 1_(u) - vy = 0, which is a contradiction. Therefore, Keryy)_ = 0,
and hence U(g™) is isomorphic to U; . By the triangular decomposition we have

Ul =U(g)oUh eUg") =U; @Uy @U =U,.

Now it follows from Proposition 2.9 and the relations

A( Kiio)z[Kil;O}@KijLK;l@{Kil;O},
A( Dil;0):{Di£0}®Di+D;1®[Di1;O],
(4.12) :K ' 0: Do
(5 =o== P
_KZ-;O:_ KZ-;O Di;O _ Di;O
R S I (R I

that A : Up — Ua ®@Ua, € : Up — A and S : Uan — Ua. Thus, by tensoring
these mappings with the identity map on A/J, we obtain mappings on U, which
we again denote A, e, and S, giving U a Hopf superalgebra structure. In particular,
in the algebra U; we have

A(h))=h;®@1+1®h;,

Ad)=d;i®1+1®d;,
(4.13) (d:) T L

AlEir) =erQ1+1R¢ey,

Alfir)=fir@1+1® fi,

and () = 0, S(T) = —7 for T = &, fik, hi, di, (i €[,k =1,--- ,m;). Therefore,
the algebra U; has the Hopf superalgebra structure whose comultiplication, counit,
and antipode are given by (4.13). The universal enveloping algebra U(g) of g also
has a Hopf superalgebra structure (A®,e®,S*®). The generators x = e; x, fik, hi,
di, (i € I,k=1,---,m,;) are primitive elements, (i.e. A*(z) =2 ®1+1® ), and
satisfy €*(z) =0, S®(x) = —z. Thus, we see that the homomorphism ¢ : U(g) —
U; is a Hopf superalgebra isomorphism. O

Remark 4.14. For generalized Kac-Moody (Borcherds) algebras g, it was asserted
in [Kn| that the classical limit of the deformation U,(g) is U(g), but no proof was
given there. That result can be viewed as a special case of the one we just proved
by taking ¢; ; = 1 for all 7,5 € I.

Theorem 4.15. If V7 is the Verma module M(X\) over Uy(g) with highest weight
A € P, then V is isomorphic to the Verma module M(X) over U(g) with highest
weight . Therefore, any Verma module M (X\) over U(g) with highest weight A € P
admits a quantum deformation to the Verma module M (\) over U,(g) with highest
weight A € P in such a way that the dimensions of weight spaces are invariant under
the deformation.

Proof. Let vy be a highest weight vector of V4. It suffices to prove that V is a
free U; -module of rank one generated by the vector vx. Now VI = M?()) is a
free U, -module of rank one generated by the highest weight vector vy. Thus by
Propositions 3.21 and 3.22, the A-form V of V7 is also a free U , -module generated
by vy. Since Vg = U, -vy, by taking the classical limit we have V' = U vy = U™ vy,
where U~ = A/J®a Uy 2 U, /IU, is the A/J-subalgebra of U with 1 generated
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by fir fori € I,k =1,---,m;. Suppose u -0y = 0 for some u € U~. Then
(u+JUR) - (ox+IVE) =u-oA+IV] € JV] =JU, vy, so that u-vy = u' vy for
some u' € JU, . But since V}{ is a free U, -module generated by vy, we must have
u = u’, which implies 7 = 0 in U~. Therefore, V is a free U ~-module generated by
x. Since Uy 2 U~ and V =U; -y =U" -7y, V is a free U; -module generated
by wx, and hence V' = M(A). The second assertion is a consequence of Corollary
3.25 and Proposition 4.3. O
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